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3.1
Introduction

�

G
eneralized

Linear
M

odels

�

S
pecialTopics
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R

egression
M

odelling

�

C
lassicalM

ultivariate
A

nalysis

�

S
um

m
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3.2
G

eneraliz
ed

Linear
M

odels
�

R
egression

�

A
nalysis

ofV
ariance

�

Log-linear
M

odels

�

Logistic
R

egression

�

A
nalysis

ofS
urvivalD

ata

2



T
he

fitting
of

generalized
linear

m
odels

is
currently

the
m

ost
frequently

applied
statisticaltechnique.

G
eneralized

linear
m

odels
are

used
to

described
the

rela-
tionship

betw
een

the
m

ean,som
etim

es
called

the
trend,ofone

variable
and

the
values

taken
by

severalother
variables.
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3.2.1
R

egression

H
ow

is
a

variable,� ,related
to

one,or
m

ore,other
variables,�� ,�� ,...,�� ?

N
am

es
for� :

response
;dependentvariable

;output.

N
am

es
for

the

�� ’s:
regressors;explanatory

variables;independentvariables;inputs.

H
ere,w

e
w

illuse
the

term
s

outputand
inputs.
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C
om

m
on

reasons
for

doing
a

regression
analysis

include:

�
the

output
is

expensive
to

m
easure,

but
the

inputs
are

not,
and

so
cheap

predictions
ofthe

outputare
sought;

�

the
values

ofthe
inputs

are
know

n
earlier

than
the

outputis,and
a

w
orking

prediction
ofthe

outputis
required;

�

w
e

can
control

the
values

of
the

inputs,
w

e
believe

there
is

a
causal

link
betw

een
the

inputs
and

the
output,

and
so

w
e

w
ant

to
know

w
hat

values
of

the
inputs

should
be

chosen
to

obtain
a

particular
target

value
for

the
output;

�

itis
believed

thatthere
is

a
causallink

betw
een

som
e

ofthe
inputs

and
the

output,and
w

e
w

ish
to

identify
w

hich
inputs

are
related

to
the

output.

5



T
he

(general)
linear

m
odel

is
�� �
	
 �
	� ��� �
	� ��� �
����

	 � ��� �

�
� �
����
��������

(3.1)

w
here

the
� ’s
are

independently
and

identically
distributed

as

���
���
��

and�

is
the

num
ber

ofdata
points.

T
he

m
odelis

linear
in

the	
’s.

���� � �
	
 �

�� �
� 	� ��� �

(3.2)

(A
w

eighted
sum

ofthe	

’s.)
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T
he

m
ain

reasons
for

the
use

ofthe
linear

m
odel.

�
T

he
m

axim
um

likelihood
estim

ators
of

the

	

’s
are

the
sam

e
as

the
least

squares
estim

ators;see
S

ection
2.4

ofC
hapter2.

�

E
xplicitform

ulae
and

rapid,reliable
num

ericalm
ethods

for
finding

the
least

squares
estim

ators
ofthe	

’s.

�

M
any

problem
s

can
be

fram
ed

as
generallinear

m
odels.

F
or

exam
ple,

���� �
	
 �
	� �� �
	� �� �
	� �� �� �
	� � �� �
	� � ��
�

(3.3)

can
be

converted
by

setting�� �
�� �� ,�� �
� ��

and�� �
� �� .

�

E
ven

w
hen

the
linear

m
odelis

not
strictly

appropriate,
there

is
often

a
w

ay
to

transform
the

outputand/or
the

inputs,so
thata

linear
m

odelcan
provide

usefulinform
ation.
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N
on-linear

R
egression

Tw
o

exam
ples

are:

�� �
	
 �! 
"�� �


�
� �
����
��������

(3.4)

�� �
	
# �%$
&(' 
")+*
",�- 
./0 �

�
� �
����
� ���� �
�

(3.5)

w
here

the
 ’s
and�

are
as

in
(3.1).
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P
roblem

s

1.
E

stim
ation

is
carried

outusing
iterative

m
ethods

w
hich

require
good

choices
of

starting
values,

m
ight

not
converge,

m
ight

converge
to

a
localoptim

um
rather

than
the

globaloptim
um

,and
w

illrequire
hum

an
intervention

to
over-

com
e

these
difficulties.

2.
T

he
statisticalproperties

of
the

estim
ates

and
predictions

from
the

m
odel

are
not

know
n,

so
w

e
cannot

perform
statistical

inference
for

non-linear
regression.
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G
eneraliz

ed
Linear

M
odels

T
he

generalization
is

in
tw

o
parts.

1.
T

he
distribution

of
the

output
does

not
have

to
be

the
norm

al,
but

can
be

any
ofthe

distributions
in

the
exponentialfam

ily.

2.
Instead

of
the

expected
value

of
the

output
being

a
linear

function
of

the

	

’s,w
e

have
1# ���� �0 �
	
 �

�� �
� 	� ���

(3.6)

w
here1� ��

is
a

m
onotone

differentiable
function.

T
he

function1� ��

is
called

the
link

function.

T
here

is
a

reliable
generalalgorithm

for
fitting

generalized
linear

m
odels.
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G
eneraliz

ed
A

d
ditive

M
odels

G
eneralized

additive
m

odels
are

a
generalization

ofgeneralized
linear

m
odels.

T
he

generalization
is

that1# ���� �0

need
notbe

a
linear

function
ofa

setof	

’s,
buthas

the
form

1# ���� �0 �
	
 �

�� �
� 2

� � ��� �

(3.7)

w
here

the2
� ’s

are
arbitrary,usually

sm
ooth,functions.

A
n

exam
ple

of
the

m
odel

produced
using

a
type

of
scatterplot

sm
oother

is
show

n
in

F
igure

3.1.
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D
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A
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F
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M
ethods

for
fitting

generalized
additive

m
odels

existand
are

generally
reliable.

T
he

m
ain

draw
back

is
that

the
fram

ew
ork

of
statistical

inference
that

is
avail-

able
for

generalized
linear

m
odels

has
not

yet
been

developed
for

generalized
additive

m
odels.

D
espite

this
draw

back,
generalized

additive
m

odels
can

be
fitted

by
severalof

the
m

ajor
statisticalpackages

already.
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3.2.2
A

nalysis
of

V
ariance

T
he

analysis
of

variance,
or

A
N

O
V

A
,

is
prim

arily
a

m
ethod

of
identifying

w
hich

ofthe	

’s
in

a
linear

m
odelare

non-zero.
T

his
technique

w
as

developed
for

the
analysis

ofagriculturalfield
experim

ents,butis
now

used
quite

generally.

E
xam

ple
27

Turnips
for

W
inter

F
odder.

T
he

data
in

Table
3.1

are
from

an
ex-

perim
ent

to
investigate

the
grow

th
of

turnips.
T

hese
types

of
turnips

w
ould

be
grow

n
to

provide
food

for
farm

anim
als

in
w

inter.
T

he
turnips

w
ere

harvested
and

w
eighed

by
staff

and
students

of
the

D
epartm

ents
of

A
griculture

and
A

p-
plied

S
tatistics

ofT
he

U
niversity

ofR
eading,in

O
ctober,1990.
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Table
3.1

Treatm
ents

B
locks

V
ariety

D
ate

D
ensity

Label
I

II
III

IV

B
arkant

21/8/90
1

kg/ha
A

2.7
1.4

1.2
3.8

2
kg/ha

B
7.3

3.8
3.0

1.2
4

kg/ha
C

6.5
4.6

4.7
0.8

8
kg/ha

D
8.2

4.0
6.0

2.5

28/8/90
1

kg/ha
E

4.4
0.4

6.5
3.1

2
kg/ha

F
2.6

7.1
7.0

3.2
4

kg/ha
G

24.0
14.9

14.6
2.6

8
kg/ha

H
12.2

18.9
15.6

9.9

M
arco

21/8/90
1

kg/ha
J

1.2
1.3

1.5
1.0

2
kg/ha

K
2.2

2.0
2.1

2.5
4

kg/ha
L

2.2
6.2

5.7
0.6

8
kg/ha

M
4.0

2.8
10.8

3.1

28/8/90
1

kg/ha
N

2.5
1.6

1.3
0.3

2
kg/ha

P
5.5

1.2
2.0

0.9
4

kg/ha
Q

4.7
13.2

9.0
2.9

8
kg/ha

R
14.9

13.3
9.3

3.6
15



T
he

follow
ing

linear
m

odel

��
�

	
 �
	3 �3� �
	4 �4� �
����

	5 �5�

�
	66 �667� �
	666 �6667� �
	68 �687� �

�
� �
�� �
� ����:9 ;

(3.8)

or
an

equivalentone
could

be
fitted

to
these

data.
T

he
inputs

take
the

values
0

or
1

and
are

usually
called

dum
m

y
or

indicator
variables.

O
n

firstsight,(3.8)
should

also
include

a	<

and
a	6 ,butw

e
do

notneed
them

.

16



T
he

firstquestion
thatw

e
w

ould
try

to
answ

er
aboutthese

data
is

D
oes

a
change

in
treatm

entproduce
a

change
in

the
turnip

yield?

w
hich

is
equivalentto

asking

A
re

any
of	3

,	4

,...,	5
non-zero?

w
hich

is
the

sortofquestion
thatcan

be
answ

ered
using

A
N

O
V

A
.

17



T
his

is
how

the
A

N
O

V
A

w
orks.

R
ecall,the

generallinear
m

odelof(3.1),

�� �
	
 �
	� ��� �
	� ��� �
����

	 � ��� �

�
� �
����
��������
�

T
he

estim
ate

of	�

is =	� .

F
itted

values

=�� �
=	
 �

�� �
� =	� ��� �

(3.9)

R
esiduals

>� �
�� $

=�� �

(3.10)

T
he

size
of

the
residuals

is
related

to
the

size
of�

�,
the

variance
of

the
� ’s.
It

turns
outthatw

e
can

estim
ate�

�
by

? ��
@BA� �
� ��� $

=�� � �

� $
�DC�
��

�

(3.11)

18



T
he

key
facts

about? �

is
thatallow

us
to

com
pare

differentlinear
m

odels
are:

�
if

the
fitted

m
odelis

adequate
(‘the

right
one’),

then? �

is
a

good
estim

ate
of�

�;

�

if
the

fitted
m

odelincludes
redundant

term
s

(that
is

includes
som

e	

’s
that

are
really

zero),then? �

is
stilla

good
estim

ate
of�

�;

�

ifthe
fitted

m
odeldoes

notinclude
one

or
m

ore
inputs

thatitoughtto,then

? �

w
illtend

to
be

larger
than

the
true

value
of�

�.

S
o

if
w

e
om

it
a

useful
input

from
our

m
odel,

the
estim

ate
of�

�

w
ill

shoot
up,

w
hereas

ifw
e

om
ita

redundantinputfrom
our

m
odel,the

estim
ate

of�
�

should
notchange

m
uch.

N
ote

thatom
itting

one
ofthe

inputs
from

the
m

odelis
equiv-

alentto
forcing

the
corresponding	

to
be

zero.

19



E
xam

ple
28

Turnips
for

W
inter

F
odder

continued.
LetE�

to
be

the
m

odel
at

(3.8),and E


to
be

the
follow

ing
m

odel
�� �
	
 �
	66 �667� �
	666 �6667� �
	68 �687� �

�
� �
�� �
������:9 ;
�

(3.18)

S
o,E


is
the

specialcase
ofE�

in
w

hich
allof	3

,	4

,...,	5

are
zero.

Table
3.2

D
f

S
u
m
o
f

S
q

M
e
a
n
S
q

F
V
a
l
u
e

P
r
(
F
)

b
l
o
c
k

3
1
6
3
.
7
3
7
5
4
.
5
7
8
9
1

2
.
2
7
8
0
1
6
0
.
0
8
8
6
7
5
4
3

R
e
s
i
d
u
a
l
s
6
0

1
4
3
7
.
5
3
8
2
3
.
9
5
8
9
7

Table
3.3

D
f

S
u
m
o
f

S
q

M
e
a
n
S
q

F
V
a
l
u
e

P
r
(
F
)

b
l
o
c
k

3
1
6
3
.
7
3
7
5
4
.
5
7
8
9
1

5
.
6
9
0
4
3
0
0
.
0
0
2
1
6
3
8
1
0

t
r
e
a
t

1
5

1
0
0
5
.
9
2
7
6
7
.
0
6
1
8
2

6
.
9
9
1
9
0
6
0
.
0
0
0
0
0
0
1
7
1

R
e
s
i
d
u
a
l
s
4
5

4
3
1
.
6
1
1

9
.
5
9
1
3
5
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Table
3.4

show
s

the
A

N
O

V
A

thatw
ould

usually
be

produced
for

the
turnip

data.
N

otice
that

the
‘block’and

‘R
esiduals’row

s
are

the
sam

e
as

in
Table

3.3.
T

he
basic

difference
betw

een
Tables

3.3
and

3.4
is

that
the

treatm
ent

inform
ation

is
broken

dow
n

into
its

constituentparts
in

Table
3.4.

Table
3.4

D
f
S
u
m

o
f
S
q

M
e
a
n

S
q

F
V
a
l
u
e

P
r
(
F
)

b
l
o
c
k

3
1
6
3
.
7
3
6
7

5
4
.
5
7
8
9

5
.
6
9
0
4
3
0
.
0
0
2
1
6
3
8

v
a
r
i
e
t
y

1
8
3
.
9
5
1
4

8
3
.
9
5
1
4

8
.
7
5
2
8
2
0
.
0
0
4
9
1
3
6

s
o
w
i
n
g

1
2
3
3
.
7
0
7
7
2
3
3
.
7
0
7
7
2
4
.
3
6
6
5
0

0
.
0
0
0
0
1
1
4

d
e
n
s
i
t
y

3
4
7
0
.
3
7
8
0
1
5
6
.
7
9
2
7
1
6
.
3
4
7
3
0

0
.
0
0
0
0
0
0
3

v
a
r
i
e
t
y
:
s
o
w
i
n
g

1
3
6
.
4
5
1
4

3
6
.
4
5
1
4

3
.
8
0
0
4
5
0
.
0
5
7
4
8
7
5

v
a
r
i
e
t
y
:
d
e
n
s
i
t
y

3
8
.
6
4
6
7

2
.
8
8
2
2

0
.
3
0
0
5
0
0
.
8
2
4
8
4
5
9

s
o
w
i
n
g
:
d
e
n
s
i
t
y

3
1
5
4
.
7
9
3
0

5
1
.
5
9
7
7

5
.
3
7
9
6
0
0
.
0
0
2
9
8
8
4

v
a
r
i
e
t
y
:
s
o
w
i
n
g
:
d
e
n
s
i
t
y

3
1
7
.
9
9
9
2

5
.
9
9
9
7

0
.
6
2
5
5
4
0
.
6
0
2
2
4
3
9

R
e
s
i
d
u
a
l
s

4
5

4
3
1
.
6
1
0
8

9
.
5
9
1
4

21



3.2.3
Log-linear

M
odels

T
he

data
show

n
in

Table
3.7

show
the

sort
of

problem
attacked

by
log-linear

m
odelling.

T
here

are
five

categoricalvariables
displayed

in
Table

3.7:

centre
one

ofthree
health

centres
for

the
treatm

entofbreastcancer;

ag
e

the
age

ofthe
patientw

hen
her

breastcancer
w

as
diagnosed;

survived
w

hether
the

patientsurvived
for

atleastthree
years

from
diagnosis;

appear
appearance

ofthe
patient’s

tum
our—

either
m

alignant
or

benign
;

inflam
am

ountofinflam
m

ation
ofthe

tum
our—

either
m

inim
al

or
greater.

22



Table
3.7

S
tate

ofTum
our

M
inim

alInflam
m

ation
G

reater
Inflam

m
ation

M
alignant

B
enign

M
alignant

B
enign

C
entre

A
ge

S
urvived

A
ppearance

A
ppearance

A
ppearance

A
ppearance

Tokyo
U

nder
50

N
o

9
7

4
3

Yes
26

68
25

9
50–69

N
o

9
9

11
2

Yes
20

46
18

5
70

or
over

N
o

2
3

1
0

Yes
1

6
5

1

B
oston

U
nder

50
N

o
6

7
6

0
Yes

11
24

4
0

50–69
N

o
8

20
3

2
Yes

18
58

10
3

70
or

over
N

o
9

18
3

0
Yes

15
26

1
1

G
lam

organ
U

nder
50

N
o

16
7

3
0

Yes
16

20
8

1
50–69

N
o

14
12

3
0

Yes
27

39
10

4
70

or
over

N
o

3
7

3
0

Yes
12

11
4

1



F
or

these
data,the

outputis
the

num
ber

ofpatients
in

each
cell.

T
he

m
odelis

��GF
HI JK�L� �
M N
O
PIQ�L� � �
	
 �
	� ��� �
	� ��� �
����

	 � ��� �

(3.21)

S
ince

allthe
variables

ofinterestare
categorical,w

e
need

to
use

indicator
vari-

ables
as

inputs
in

the
sam

e
w

ay
as

in
(3.8).
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Table
3.8

T
e
r
m
s

a
d
d
e
d

s
e
q
u
e
n
t
i
a
l
l
y
(
f
i
r
s
t
t
o
l
a
s
t
)

D
f

D
e
v
i
a
n
c
e
R
e
s
i
d
.
D
f

R
e
s
i
d
.
D
e
v

P
r
(
C
h
i
)

N
U
L
L

7
1

8
6
0
.
0
0
7
6

c
e
n
t
r
e

2
9
.
3
6
1
9

6
9

8
5
0
.
6
4
5
7

0
.
0
0
9
2
7
0
1

a
g
e

2
1
0
5
.
5
3
5
0

6
7

7
4
5
.
1
1
0
7

0
.
0
0
0
0
0
0
0

s
u
r
v
i
v
e
d

1
1
6
0
.
6
0
0
9

6
6

5
8
4
.
5
0
9
7

0
.
0
0
0
0
0
0
0

i
n
f
l
a
m

1
2
9
1
.
1
9
8
6

6
5

2
9
3
.
3
1
1
1

0
.
0
0
0
0
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6
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.
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5
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5
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g
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2
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.
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r
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r
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.
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c
e
n
t
r
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i
n
f
l
a
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3
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2
4
8
4

5
6

1
7
4
.
2
5
7
4

0
.
0
0
0
0
0
8
9

c
e
n
t
r
e
:
a
p
p
e
a
r

2
1
3
.
3
3
2
3

5
4

1
6
0
.
9
2
5
1

0
.
0
0
1
2
7
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3

a
g
e
:
s
u
r
v
i
v
e
d

2
3
.
5
2
5
7

5
2

1
5
7
.
3
9
9
5

0
.
1
7
1
5
5
8
8

a
g
e
:
i
n
f
l
a
m

2
0
.
2
9
3
0

5
0

1
5
7
.
1
0
6
5

0
.
8
6
3
7
3
5
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a
g
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:
a
p
p
e
a
r

2
1
.
2
0
8
2

4
8

1
5
5
.
8
9
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0
.
5
4
6
5
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7
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s
u
r
v
i
v
e
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:
i
n
f
l
a
m

1
0
.
9
6
4
5

4
7

1
5
4
.
9
3
3
8

0
.
3
2
6
0
6
0
9

s
u
r
v
i
v
e
d
:
a
p
p
e
a
r

1
9
.
6
7
0
9

4
6

1
4
5
.
2
6
2
9

0
.
0
0
1
8
7
2
1

i
n
f
l
a
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a
p
p
e
a
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1
9
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4
3
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4
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4
9
.
8
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.
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0
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To
sum

m
arise

this
m

odel,Iw
ould

constructits
conditionalindependence

graph
and

presenttables
corresponding

to
the

interactions.
Tables

are
in

the
book.

T
he

conditionalindependence
graph

is
show

n
in

F
igure

3.2.

age

centre

survived

inflam
appear

F
igure

3.2
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3.2.4
Logistic

R
egression

In
logistic

regression,the
outputis

the
num

ber
ofsuccesses

outofa
num

ber
of

trials,each
trialresulting

in
either

a
success

or
failure.

F
or

the
breastcancer

data,w
e

can
regard

each
patientas

a
‘trial’,w

ith
success

corresponding
to

the
patientsurviving

for
three

years.

T
he

output
w

ould
sim

ply
be

given
as

num
ber

of
successes,

either
0

or
1,

for
each

ofthe
764

patients
involved

in
the

study.

T
he

m
odelthatw

e
w

illfitis R
��� ��
� �
� $
S� � R
��� �
�� �
S� �
L�

and

PIQ

S�
� $
S�

�
	
 �
	� ��� �
	� ��� �
����

	 � ��� �

(3.22)

A
gain,

the
inputs

here
w

ill
be

indicators
for

the
breast

cancer
data,

but
this

is
not

generally
true;

there
is

no
reason

w
hy

any
of

the
inputs

should
not

be
quantitative.
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Table
3.15

D
f

D
e
v
i
a
n
c
e

R
e
s
i
d
.
D
f

R
e
s
i
d
.

D
e
v

P
r
(
C
h
i
)

N
U
L
L

7
6
3

8
9
8
.
5
2
7
9

c
e
n
t
r
e

2
1
1
.
2
6
9
7
9

7
6
1

8
8
7
.
2
5
8
2

0
.
0
0
3
5
7
1
1

a
g
e

2
3
.
5
2
5
6
6

7
5
9

8
8
3
.
7
3
2
5

0
.
1
7
1
5
5
8
8

a
p
p
e
a
r

1
9
.
6
9
1
0
0

7
5
8

8
7
4
.
0
4
1
5

0
.
0
0
1
8
5
1
7

i
n
f
l
a
m

1
0
.
0
0
6
5
3

7
5
7

8
7
4
.
0
3
5
0

0
.
9
3
5
6
0
4
6

c
e
n
t
r
e
:
a
g
e

4
7
.
4
2
1
0
1

7
5
3

8
6
6
.
6
1
4
0

0
.
1
1
5
2
4
3
3

c
e
n
t
r
e
:
a
p
p
e
a
r

2
1
.
0
8
0
7
7

7
5
1

8
6
5
.
5
3
3
2

0
.
5
8
2
5
2
5
4

c
e
n
t
r
e
:
i
n
f
l
a
m

2
3
.
3
9
1
2
8

7
4
9

8
6
2
.
1
4
1
9

0
.
1
8
3
4
8
1
4

a
g
e
:
a
p
p
e
a
r

2
2
.
3
3
0
2
9

7
4
7

8
5
9
.
8
1
1
6

0
.
3
1
1
8
7
7
3

a
g
e
:
i
n
f
l
a
m

2
0
.
0
6
3
1
8

7
4
5

8
5
9
.
7
4
8
4

0
.
9
6
8
9
0
5
2

a
p
p
e
a
r
:
i
n
f
l
a
m

1
0
.
2
4
8
1
2

7
4
4

8
5
9
.
5
0
0
3

0
.
6
1
8
4
0
4
1

c
e
n
t
r
e
:
a
g
e
:
a
p
p
e
a
r

4
2
.
0
4
6
3
5

7
4
0

8
5
7
.
4
5
4
0

0
.
7
2
7
2
3
4
4

c
e
n
t
r
e
:
a
g
e
:
i
n
f
l
a
m

4
7
.
0
4
4
1
1

7
3
6

8
5
0
.
4
0
9
9

0
.
1
3
3
5
7
5
6

c
e
n
t
r
e
:
a
p
p
e
a
r
:
i
n
f
l
a
m

2
5
.
0
7
8
4
0

7
3
4

8
4
5
.
3
3
1
5

0
.
0
7
8
9
2
9
4

a
g
e
:
a
p
p
e
a
r
:
i
n
f
l
a
m

2
4
.
3
4
3
7
4

7
3
2

8
4
0
.
9
8
7
7

0
.
1
1
3
9
6
4
2

c
e
n
t
r
e
:
a
g
e
:
a
p
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e
a
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:
i
n
f
l
a
m

3
0
.
0
1
5
3
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7
2
9

8
4
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.
9
7
2
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0
.
9
9
9
4
9
6
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T
he

fitted
m

odel
is

sim
ple

enough
in

this
case

for
the

param
eter

estim
ates

to
be

included
here;

they
are

show
n

in
the

form
that

a
statistical

package
w

ould
presentthem

in
Table

3.16.

Table
3.16

C
o
e
f
f
i
c
i
e
n
t
s
:

(
I
n
t
e
r
c
e
p
t
)

c
e
n
t
r
e
2

c
e
n
t
r
e
3

a
p
p
e
a
r

1
.
0
8
0
2
5
7

-
0
.
6
5
8
9
1
4
1

-
0
.
4
9
4
4
8
4
6
0
.
5
1
5
7
1
5
1

U
sing

the
estim

ates
given

in
Table

3.16,the
fitted

m
odelis

PIQ JT� S� � �
���U
� �
V W $
� �9
VU
X �;
��3� $
� �;
X ;;U ;
9
�Y� �
� �V �V W
�V ��Z� �

(3.23)
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3.2.5
A

nalysis
of

S
urviv

alD
ata

S
urvivaldata

are
data

concerning
how

long
ittakes

fora
particulareventto

hap-
pen.

In
m

any
m

edicalapplications
the

eventis
death

ofa
patientw

ith
an

illness,
and

so
w

e
are

analysing
the

patient’s
survivaltim

e.
In

industrialapplications
the

eventis
often

failure
ofa

com
ponentin

a
m

achine.

T
he

output
in

this
sort

of
problem

is
the

survival
tim

e.
A

s
w

ith
all

the
other

problem
s

thatw
e

have
seen

in
this

section,the
task

is
to

fita
regression

m
odel

to
describe

the
relationship

betw
een

the
outputand

som
e

inputs.
In

the
m

edical
context,

the
inputs

are
usually

qualities
of

the
patient,

such
as

age
and

sex,
or

are
determ

ined
by

the
treatm

entgiven
to

the
patient.

W
e

w
illskip

this
topic.
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3.3
S

pecial
Topics

in
R

egression
M

odelling
�

M
ultivariate

A
nalysis

ofV
ariance

�

R
epeated

M
easures

D
ata

�

R
andom

E
ffects

M
odels

T
he

topics
in

this
section

are
special

in
the

sense
that

they
are

extensions
to

the
basic

idea
of

regression
m

odelling.
T

he
techniques

have
been

developed
in

response
to

m
ethods

of
data

collection
in

w
hich

the
usual

assum
ptions

of
regression

m
odelling

are
notjustified.
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3.3.1
M

ultiv
ariate

A
nalysis

of
V

ariance

M
odel

[�
)+\
] �/

�
^
 �
^� ��� �
^� ��� �
����

^� ��� �
_�
� �
����
� ���� �

(3.26)

w
here

the_� ’s
are

independently
and

identically
distributed

as

\
�D`
��a
�

and�

is
the

num
ber

ofdata
points.

T
he�Db

c
��

under[�

indicates
the

dim
ensions

of
the

vector,in
this

caseb

row
s

and
1

colum
n;the^

’s
are

also�Db
c
��

vectors.

T
his

m
odel

can
be

fitted
in

exactly
the

sam
e

w
ay

as
a

linear
m

odel
(by

least
squares

estim
ation).

O
ne

w
ay

to
do

this
fitting

w
ould

be
to

fit
a

linear
m

odelto
each

oftheb

dim
ensions

ofthe
output,one-at-a-tim

e.
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H
aving

fitted
the

m
odel,w

e
can

obtain
fitted

values

=[� �
=^
d�

�� �
� =^� ���

� �
�� �
� ������

and
hence

residuals

[� $
=[�

� �
�� �
� ���� �
�

T
he

analogue
ofthe

residualsum
ofsquares

from
the

(univariate)
linear

m
odel

is
the

m
atrix

ofresidualsum
s

ofsquares
and

products
for

the
m

ultivariate
linear

m
odel.

T
his

m
atrix

is
defined

to
be

e
� A� �

� �[� $
=[� ��[� $
=[� �gf

�
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3.3.2
R

epeated
M

easures
D

ata

R
epeated

m
easures

data
are

generated
w

hen
the

output
variable

is
observed

at
several

points
in

tim
e,

on
the

sam
e

individuals.
U

sually,
the

covariates
are

also
observed

at
the

sam
e

tim
e

points
as

the
output;

so
the

inputs
are

tim
e-

dependent
too.

T
hus,

as
in

S
ection

3.3.1
the

output
is

a
vector

of
m

easure-
m

ents.
In

principle,
w

e
can

sim
ply

apply
the

techniques
of

S
ection

3.3.1
to

analyse
repeated

m
easures

data.
Instead,

w
e

usually
try

to
use

the
fact

that
w

e
have

the
sam

e
set

of
variables

(output
and

inputs)
at

severaltim
es,

rather
than

a
collection

ofdifferentvariables
m

aking
up

a
vector

output.

R
epeated

m
easures

data
are

often
called

longitudinaldata,especially
in

the
so-

cialsciences.
T

he
term

cross-sectional
is

often
used

to
m

ean
‘notlongitudinal’.
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3.3.3
R

andom
E

ffects
M

odels

O
verdisper

sion

In
a

logistic
regression

w
e

m
ightreplace

(3.22)
w

ith

PIQ JT� S� � �
	
 �
	� ��� �
	� ��� �
����

	 � ��� �
h�
�

(3.29)

w
here

theh� ’s
are

independently
and

identically
distributed

as

���
� �
�i � .

W
e

can
think

ofh�

as
representing

either
the

effect
of

the
m

issing
input

onS�

or
sim

ply
as

random
variation

in
the

success
probabilities

for
individuals

thathave
the

sam
e

values
for

the
inputvariables.
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H
ierarchical

m
odels

In
the

turnip
experim

ent,
the

grow
th

of
the

turnips
is

affected
by

the
different

blocks,butthe
effects

(the	

’s)foreach
block

are
likely

to
be

differentin
different

years.
S

o
w

e
could

think
ofthe	

’s
for

each
block

as
com

ing
from

a
population

of	

’s
for

blocks.
Ifw

e
did

this,then
w

e
could

replace
the

m
odelin

(3.8)
w

ith

��
�

	
 �
	3 �3� �
	4 �4� �
����

	5 �5�

�
j6 �67� �
j66 �667� �
j666 �6667� �
j68 �687� �

�
� �
�� �
� ���� 9 ;(3.30)

w
here

j6 ,j66 ,j666

and

j68

are
independently

and
identically

distributed
as

���
���
�k � .
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3.4
C

lassical
M

ultiv
ariate

A
nalysis
�

P
rincipalC

om
ponents

A
nalysis

�

C
orrespondence

A
nalysis

�

M
ultidim

ensionalS
caling

�

C
luster

A
nalysis

and
M

ixture
D

ecom
position

�

LatentV
ariable

and
C

ovariance
S

tructure
M

odels
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3.4.1
P

rincipal
C

om
ponents

A
nalysis

P
rincipalcom

ponents
analysis

is
a

w
ay

of
transform

ing
a

set
ofC

-dim
ensional

vector
observations,l� ,l� ,...,lA

,into
another

setofC

-dim
ensionalvectors,

[� ,[� ,...,[A
.

T
he[

’s
have

the
property

thatm
ostoftheirinform

ation
content

is
stored

in
the

firstfew
dim

ensions
(features).

T
his

w
illallow

dim
ensionality

reduction,so
thatw

e
can

do
things

like:

�

obtaining
(inform

ative)
graphicaldisplays

ofthe
data

in
2-D

;

�

carrying
outcom

puter
intensive

m
ethods

on
reduced

data;

�

gaining
insight

into
the

structure
of

the
data,

w
hich

w
as

not
apparent

inC

dim
ensions.
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P
etal W

.

F
igure

3.3
F

isher’s
Iris

D
ata

(collected
by

A
nderson)
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T
he

m
ain

idea
behind

principal
com

ponents
analysis

is
that

high
inform

ation
corresponds

to
high

variance.

S
o,

ifw
e

w
anted

to
reduce

thel

’s
to

a
single

dim
ension

w
e

w
ould

transform

l

to

� �
m f
l
�

choosingm

so
that�

has
the

largestvariance
possible.

Itturns
outthatm

should
be

the
eigenvector

corresponding
to

the
largesteigen-

value
ofthe

variance
(covariance)

m
atrix

ofl

,a

.

Itis
also

possible
to

show
thatofallthe

directions
orthogonalto

the
direction

of
highestvariance,the

(second)
highestvariance

is
in

the
direction

parallelto
the

eigenvector
ofthe

second
largesteigenvalue

of a
.

T
hese

results
extend

allthe
w

ay
toC

dim
ensions.
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E
stim

ate
of a

is

?
) �]�/

�

�
� $
� A� �

� � l� $
l�gf
� l� $
l�
�

(3.31)

w
herel

�
�

A
@� l� .

�

T
he

eigenvalues
of?

aren� o
n� o
���o
n�o
�
�

�

T
he

eigenvectors
of?

corresponding
ton� ,n� ,...,n�

arep� ,p� ,...,p� ,
respectively.

T
he

vectorsp� ,p� ,
...,p�

are
called

the
principal

axes.
(p�

is
the

first
principalaxis,etc.)

�

T
he�DC
cC
�

m
atrix

w
hoseq th

colum
n

isp�
w

illbe
denoted

asr

.
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T
he

principalaxes
(can

be
and)

are
chosen

so
thatthey

are
oflength

1
and

are
orthogonal(perpendicular).

A
lgebraically,this

m
eans

that

p f� p�ts �

�

ifq �
qvu

�

ifqw �
qxu
�

(3.32)

T
he

vector[

defined
as,[
) �] �/

�
yzzzz{ p f�p f�...p f�
|}}}}~

) �]�/

l
) �] �/

�
r f
l

is
called

the
vector

of
principalcom

ponent
scores

ofl

.
T

heq th
principalcom

-
ponentscore

ofl

is�� �
p f� l

;som
etim

es
the

principalcom
ponentscores

are
referred

to
as

the
principalcom

ponents.
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1.
T

he
elem

ents
of[

are
uncorrelated

and
the

sam
ple

variance
of

the

q th
principalcom

ponentscore
isn� .

In
other

w
ords

the
sam

ple
variance

m
atrix

of[
is

yzzz{
n�

n�

�

�

...

n�
|}}}~

) �]�/

�

2.
T

he
sum

of
the

sam
ple

variances
for

the
principalcom

ponents
is

equalto
the

sum
ofthe

sam
ple

variances
for

the
elem

ents
ofl

.
T

hatis,
�� �

� n� �
�� �

� 2
��

�

w
here2

��

is
the

sam
ple

variance
of�� .
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F
igure

3.4
P

rincipalcom
ponentscore

for
F

isher’s
Iris

D
ata.

C
om

pare
w

ith
F

igure
3.3
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E
ffective

D
im

ensionality

1.
T

he
proportion

of
variance

accounted
for

Take
the

first>

principalcom
-

ponents
and

add
up

their
variances.

D
ivide

by
the

sum
ofallthe

variances,
to

give

@B�� �
� n�

@ �� �
� n�

w
hich

is
called

the
proportion

ofvariance
accounted

for
by

the
first>

princi-
palcom

ponents.

U
sually,

projections
accounting

for
over

75%
of

the
totalvariance

are
con-

sidered
to

be
good.

T
hus,

a
2-D

picture
w

ill
be

considered
a

reasonable
representation

if

n� �
n�

@ �� �
� n� �

� �W
V �
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2.
T

he
siz

e
of

im
por

tant
variance

T
he

idea
here

is
to

consider
the

variance
ifalldirections

w
ere

equally
im

portant.
In

this
case

the
variances

w
ould

be
approxim

ately

n �
�C
�� �

� n� �

T
he

argum
entruns

Ifn���
n ,

then
the

q th
principal

direction
is

less
interesting

than
average.

and
this

leads
us

to
discard

principal
com

ponents
that

have
sam

ple
vari-

ances
below

n .

3.
S

cree
dia

gram
A

scree
diagram

is
an

index
plotofthe

principalcom
ponent

variances.
In

other
w

ords
itis

a
plotofn�

againstq .
A

n
exam

ple
ofa

scree
diagram

,for
the

Iris
D

ata,is
show

n
in

F
igure

3.5.
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•

•
•

•

0 1 2 3 4
�

1
2

3
4

�

λ

F
igure

3.5
W

e
look

for
the

elbow
;in

this
case

w
e

only
need

the
firstcom

ponent.
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N
orm

alising

T
he

data
can

be
norm

alised
by

carrying
outthe

follow
ing

steps.

�

C
entre

each
variable.

In
other

w
ords

subtractthe
m

ean
ofeach

variable
to

give

�l� �
l� $
l �

�

D
ivide

each
elem

entof �l�
by

its
standard

deviation;as
a

form
ula

this
m

eans
calculate

��� �
����

2
�

�
w

here2
�

is
the

sam
ple

standard
deviation

of�� .
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P
etal L.

Sepal W.
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Interpretation

T
he

finalpartof
a

principalcom
ponents

analysis
is

to
inspect

the
eigenvectors

in
the

hope
ofidentifying

a
m

eaning
for

the
(im

portant)
principalcom

ponents.

S
ee

the
book

for
an

interpretation
for

F
isher’s

Iris
D

ata.
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3.4.2
C

orrespondence
A

nalysis

C
orrespondence

is
a

w
ay

to
represent

the
structure

w
ithin

incidence
m

atrices.
Incidence

m
atrices

are
also

called
tw

o-w
ay

contingency
tables.

A
n

exam
ple

of
a

� V
c ;
�

incidence
m

atrix,
w

ith
m

arginal
totals

is
show

n
in

Table
3.17.

Table
3.17

S
m

oking
C

ategory
S

taffG
roup

N
one

Light
M

edium
H

eavy
Total

S
enior

M
anagers

4
2

3
2

11
Junior

M
anagers

4
3

7
4

18
S

enior
E

m
ployees

25
10

12
4

51
Junior

E
m

ployees
18

24
33

13
88

S
ecretaries

10
6

7
2

25
Total

61
45

62
25

193
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Tw
o

S
tages

�

Transform
the

values
in

a
w

ay
thatrelates

to
a

testfor
association

betw
een

row
s

and
colum

ns
(chi-squared

test).

�

U
se

a
dim

ensionality
reduction

m
ethod

to
allow

us
to

draw
a

picture
of

the
relationships

betw
een

row
s

and
colum

ns
in

2-D
.

D
etails

are
like

principalcom
ponents

analysis
m

athem
atically;see

the
book.
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3.4.3
M

ultidim
ensional

S
caling

M
ultidim

ensionalscaling
is

the
process

of
converting

a
set

of
pairw

ise
dissim

i-
larities

for
a

setofpoints,into
a

setofco-ordinates
for

the
points.

E
xam

ples
ofdissim

ilarities
could

be:

�

the
price

ofan
airline

ticketbetw
een

pairs
ofcities;

�

road
distances

betw
een

tow
ns

(as
opposed

to
straight-line

distances);

�

a
coefficient

indicating
how

different
the

artefacts
found

in
pairs

of
tom

bs
w

ithin
a

graveyard
are.
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C
lassical

S
caling

C
lassicalscaling

is
also

know
n

as
m

etric
scaling

and
as

principalco-ordinates
analysis.

T
he

nam
e

‘m
etric’scaling

is
used

because
the

dissim
ilarities

are
as-

sum
ed

to
be

distances—
or

in
m

athem
aticalterm

s
the

m
easure

of
dissim

ilarity
is

the
euclidean

m
etric.

T
he

nam
e

‘principalco-ordinates
analysis’is

used
be-

cause
there

is
a

link
betw

een
this

technique
and

principalcom
ponents

analysis.
T

he
nam

e
‘classical’

is
used

because
it

w
as

the
first

w
idely

used
m

ethod
of

m
ultidim

ensionalscaling,and
pre-dates

the
availability

ofelectronic
com

puters.

T
he

derivation
of

the
m

ethod
used

to
obtain

the
configuration

is
given

in
the

book.
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T
he

results
of

applying
classicalscaling

to
B

ritish
road

distances
are

show
n

in
F

igure
3.7.

T
hese

road
distances

correspond
to

the
routes

recom
m

ended
by

the
A

utom
obile

A
ssociation

;
these

recom
m

ended
routes

are
intended

to
give

the
m

inim
um

travelling
tim

e,notthe
the

m
inim

um
journey

distance.

�

A
n

effectofthis,thatis
visible

in
F

igure
3.7

is
thatthe

tow
ns

and
cities

have
lined

up
in

positions
related

to
the

m
otorw

ay
netw

ork.

�

T
he

m
ap

also
features

distortions
from

the
geographicalm

ap
such

as
the

position
of

H
olyhead

(holy
),

w
hich

appears
to

be
m

uch
closer

to
Liverpool

(lver)and
M

anchesterthan
itreally

is,and
the

position
ofC

ornish
peninsula

(the
partending

atP
enzance,penz)is

furtherfrom
C

arm
arthen

(carm
)than

itis
physically.
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C
om
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Component 2
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F
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O
rdinal

S
caling

O
rdinalscaling

is
used

for
the

sam
e

purposes
at

classicalscaling,
but

for
dis-

sim
ilarities

that
are

not
m

etric,
that

is,
they

are
not

w
hat

w
e

w
ould

think
of

as
distances.

O
rdinalscaling

is
som

etim
es

called
non-m

etric
scaling,because

the
dissim

ilarities
are

not
m

etric.
S

om
e

people
callitS

hepard-K
ruskalscaling,be-

cause
S

hepard
and

K
ruskalare

the
nam

es
oftw

o
pioneers

ofordinalscaling.

In
ordinalscaling,

w
e

seek
a

configuration
in

w
hich

the
pairw

ise
distances

be-
tw

een
points

have
the

sam
e

rank
order

as
the

corresponding
dissim

ilarities.
S

o,
if���

is
the

dissim
ilarity

betw
een

points�

and� ,and���

is
the

distance
betw

een
the

sam
e

points
in

the
derived

configuration,
then

w
e

seek
a

configuration
in

w
hich

��� �
�Zk

if

��� �
�Zk �
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3.4.4
C

luster
A

nalysis
and

M
ixture

D
ecom

position

C
lusteranalysis

and
m

ixture
decom

position
are

both
techniques

to
do

w
ith

iden-
tification

ofconcentrations
ofindividuals

in
a

space.
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C
luster

A
nalysis

C
lusteranalysis

is
used

to
identify

groups
ofindividuals

in
a

sam
ple.

T
he

groups
are

not
pre-defined,

nor,
usually,

is
the

num
ber

of
groups.

T
he

groups
that

are
identified

are
referred

to
as

clusters.

�

hierarchical

–
agglom

erative

–
divisive

�

non-hierarchical
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�
M

inim
um

distance
or

single-link

�
M

axim
um

distance
or

com
plete-link

�

A
vera

g
e

distance

�

C
entroid

distance
defines

the
distance

betw
een

tw
o

clusters
as

the
squared

distance
betw

een
the

m
ean

vectors
(that

is,
the

centroids)
of

the
tw

o
clus-

ters.

�

S
um

of
squared

de
viations

defines
the

distance
betw

een
tw

o
clusters

as
the

sum
ofthe

squared
distances

ofindividuals
from

the
jointcentroid

ofthe
the

tw
o

clusters
m

inus
the

sum
ofthe

squared
distances

ofindividuals
from

their
separate

cluster
m

eans.
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F
igure
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U

sualw
ay

to
presentresults

ofhierarchicalclustering.
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N
on-hierarchicalclustering

is
essentially

trying
to

partition
the

sam
ple

so
as

to
optim

ize
som

e
m

easure
ofclustering.

T
he

choice
of

m
easure

of
clustering

is
usually

based
on

properties
of

sum
s

of
squares

and
products

m
atrices,like

those
m

etin
S

ection
3.3.1,because

the
aim

in
the

M
A

N
O

V
A

is
to

m
easure

differences
betw

een
groups.

T
he

m
ain

difficulty
here

is
thatthere

are
too

m
any

differentw
ays

to
partition

the
sam

ple
for

us
to

try
them

all,
unless

the
sam

ple
is

very
sm

all
(around

about

�
�
��

or
sm

aller).
T

hus
our

only
w

ay,
in

general,
of

guaranteeing
that

the
globaloptim

um
is

achieved
is

to
use

a
m

ethod
such

as
branch-and-bound¿

O
ne

of
the

best
know

n
non-hierarchical

clustering
m

ethods
is

the

� -m
eans

m
ethod.
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M
ixture

D
ecom

position

M
ixture

decom
position

is
related

to
cluster

analysis
in

that
it

is
used

to
identify

concentrations
ofindividuals.

T
he

basic
difference

betw
een

clusteranalysis
and

m
ixture

decom
position

is
thatthere

is
an

underlying
statisticalm

odelin
m

ixture
decom

position,w
hereas

there
is

no
such

m
odelin

cluster
analysis.

T
he

proba-
bility

density
thathas

generated
the

sam
ple

data
is

assum
ed

to
be

a
m

ixture
of

severalunderlying
distributions.

S
o

w
e

have

�� l� �
�� �

� �
� �� � l�d�
� �
�

w
here

�

is
the

num
ber

of
underlying

distributions,
the

�� ’s
are

the
densities

of
the

underlying
distributions,

the�
� ’s

are
the

param
eters

of
the

underlying
distributions,

the�
� ’s

are
positive

and
sum

to
one,

and

�

is
the

density
from

w
hich

the
sam

ple
has

been
generated.

D
etails

in
one

ofH
and’s

books.
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3.4.5
Latent

V
ariab

le
and

C
ovariance

S
tructure

M
odels

I
have

never
used

the
techniques

in
this

section,
so

I
do

not
conssider

m
yself

expertenough
to

give
a

presentation
on

them
.

N
otenough

tim
e

to
cover

everything.
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3.5
S

um
m

ary

T
he

techniques
presented

in
this

chapterdo
notform

anything
like

an
exhaustive

list
of

usefulstatisticalm
ethods.

T
hese

techniques
w

ere
chosen

because
they

are
either

w
idely

used
or

ought
to

be
w

idely
used.

T
he

regression
techniques

are
w

idely
used,though

there
is

som
e

reluctance
am

ongstresearchers
to

m
ake

the
jum

p
from

linear
m

odels
to

generalized
linear

m
odels.

T
he

m
ultivariate

analysis
techniques

oughtto
be

used
m

ore
than

they
are.

O
ne

ofthe
m

ain
obstacles

to
the

adoption
ofthese

techniques
m

ay
be

thattheirroots
are

in
linear

algebra.

Ifeelthe
techniques

presented
in

this
chapter,and

their
extensions,w

illrem
ain

or
becom

e
the

m
ost

w
idely

used
statisticaltechniques.

T
his

is
w

hy
they

w
ere

chosen
for

this
chapter.
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